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Starting from the Oppenheimer-Snyder model, we know how in classical general relativity the
gravitational collapse of matter form a black hole with a central spacetime singularity. It is widely
believed that the singularity must be removed by quantum gravity effects. Some static quantum-
inspired singularity-free black hole solutions have been proposed in the literature, but when one
considers simple examples of gravitational collapse the classical singularity is replaced by a bounce,
after which the collapsing matter expands for ever. We may expect 3 possible explanations: i)
the static regular black hole solutions are not physical, in the sense that they cannot be realized in
Nature, ii) the final product of the collapse is not unique, but it depends on the initial conditions, or
iii) boundary effects play an important role and our simple models miss important physics. In the
latter case, after proper adjustment, the bouncing solution would approach the static one. We argue
that the “correct answer” may be related to the appearance of a ghost state in de Sitter spacetimes
with super Planckian mass. Our black holes have indeed a de Sitter core and the ghost would make
these configurations unstable. Therefore we believe that these black hole static solutions represent
the transient phase of a gravitational collapse, but never survive as asymptotic states.
I. INTRODUCTION
In classical general relativity, under the main assump-
tions of the validity of the strong energy condition and
of the existence of global hyperbolicity, the collapse of
matter inevitable produces a singularity of the space-
time [1]. At a singularity, predictability is lost and stan-
dard physics breaks down. According to the weak cos-
mic censorship conjecture, spacetime singularities formed
from collapse must be hidden behind an event horizon
and the final product of the collapse must be a black
hole [2]. In 4-dimensional general relativity, the only un-
charged black hole solution is the Kerr metric [3], which
reduces to the Schwarzschild solution in the spherically
symmetric case. The Oppenheimer-Snyder model is the
simplest fully analytic example of gravitational collapse,
describing the contraction of a homogeneous spherically
symmetric cloud of dust [4]. It clearly shows how the
collapse produces a spacetime singularity and the final
product is a Schwarzschild black hole.
In analogy with the appearance of divergent quan-
tities in other classical theories, it is widely believed
that spacetime singularities are a symptom of the lim-
itations of classical general relativity, to be removed
by quantum gravity effects. While we do not have
yet any robust and reliable theory of quantum grav-
ity, the resolution of spacetime singularities has been
investigated in many quantum gravity inspired models.
Very different approaches have studied corrections to the
Schwarzschild/Kerr solution, finding black hole metrics
in which the curvature invariants are always finite [5]1.
∗ Corresponding author: bambi@fudan.edu.cn
1 We note that it may also be possible that the quantum cor-
rections that smooth out the singularity may be intrinsically-
quantum and not reducible to the metric form. In such a case,
the metric description would simply break down.
In the same spirit, one can study the modifications to
the Oppenheimer-Snyder solution and to other models
of collapse. In this case, the singularity is replaced by
a bounce, after which the cloud starts expanding [6].
It is therefore disappointing that the quantum-gravity
corrected model of collapse does not reproduce to the
quantum-gravity corrected black hole solution.
In this paper, we want to investigate this appar-
ent contradictory result. First, we determine both the
quantum-gravity corrected static black hole metric and
the quantum-gravity corrected homogeneous collapse so-
lution within the same theoretical framework, since the
ones reported in the literature come from different mod-
els. We find that the problem indeed exists. Second,
we try to figure out the possible reason. One possibility
is that the static regular black hole spacetimes are ad
hoc solutions, but they cannot be created in a collapse
and therefore they are physically irrelevant. The collapse
always produces an object that bounces. Another possi-
ble explanation is that the final product of the collapse
depends on the initial conditions. The collapse of a ho-
mogeneous cloud creates an object that bounces, while
with other initial conditions (not known at present) the
final product is a static regular black hole. Lastly, it
is possible that the simple homogeneous collapse over-
simplifies the model, ingoing and outgoing energy fluxes
between the interior and the exterior solutions are impor-
tant, and, after proper readjustment that seems to be dif-
ficult to have under control within an analytic approach,
the collapsing model approaches the static regular black
hole solution. Our quantum-gravity inspired theories are
unitary, super-renormalizable or finite at quantum level,
and there are no extra degrees of freedom at perturba-
tive level around flat spacetime. This should rule out
the possibility that the explanation of our puzzle is due
to the fact that these models may not be consistent de-
scriptions of quantum gravity. However, these theories
display a ghost state in de Sitter spacetime when the
2cosmological constant exceeds the square of the Planck
mass. This fact may be responsible for our finding and
answers the question in the title of this paper. Our black
holes have indeed a de Sitter core with an effective cos-
mological constant larger than the square of the Planck
mass when the black hole mass exceeds the Planck mass.
The presence of a ghost makes the solutions unstable and
therefore they cannot be the final product of the gravi-
tational collapse.
The content of the paper is as follows. In the next
section, we briefly review the classical homogeneous and
spherically symmetric collapse model. In Section III, we
derive the spherically symmetric black hole solutions in
a super-renormalizable and asymptotically-free theory of
gravity with the family of form factors proposed by Kras-
nikov [7] and Tomboulis [8]. In Section IV, we study the
spherically symmetric homogeneous collapse in the same
models. Summary and conclusions are in Section V.
II. BLACK HOLES AND GRAVITATIONAL
COLLAPSE IN CLASSICAL GENERAL
RELATIVITY
The most general spherically symmetric metric de-
scribing a collapsing cloud of matter in comoving coordi-
nates is given by
ds2 = −e2νdt2 + R
′2
G
dr2 +R2dΩ2 , (1)
where dΩ2 represents the line element on the unit two-
sphere and ν, R, and G are functions of t and r. The
energy-momentum tensor is given by
T µν = diag(−ρ(r, t), pr(r, t), pθ(r, t), pθ(r, t)) , (2)
and the Einstein equations reduces to
κ2
2
ρ =
F ′
R2R′
, (3)
κ2
2
pr = − F˙
R2R˙
, (4)
ν′ = 2
pθ − pr
ρ+ pr
R′
R
− p
′
r
ρ+ pr
, (5)
G˙ = 2
ν′
R′
R˙G , (6)
where the ′ denotes a derivative with respect to r, and
the ˙ denotes a derivative with respect to t. The function
F (r, t) is called Misner-Sharp mass and is defined by
F = R(1−G+ e−2νR˙2) . (7)
The whole system has a gauge degree of freedom that
can be fixed by setting the scale at a certain time. One
usually sets the area radius R(r, t) to be equal to the
comoving radius r at the initial time ti = 0, i.e. R(r, 0) =
r. We can then introduce a scale factor a
R(r, t) = ra , (8)
that will go from 1, at the initial time, to 0, at the time
of the formation of the singularity. The condition to de-
scribe collapse is a˙ < 0.
For a homogeneous perfect fluid, pr = pθ = p(t).
The simplest case is the gravitational collapse of a cloud
of dust, p = 0, which is the well-known Oppenheimer-
Snyder model [4]. From Eq. (3), we see that F is pro-
portional to the amount of matter enclosed within the
shell labeled by r at the time t. For dust, from Eq. (4) it
follows that F is independent of t, so there are no inflows
and outflows through any spherically symmetric shell of
radial coordinate r. If rb denotes the comoving radial
coordinate of the boundary of the cloud, F (rb) = 2MSch,
where MSch is the Schwarzschild mass of the vacuum ex-
terior. Let us note that in the general case of a perfect
fluid that is not true, and for a non-vanishing pressure
the homogeneous spherically symmetric interior must be
matched with a non-vacuum Vaidya exterior spacetime.
Eq. (5) reduces to ν′ = 0 and one can always choose the
time gauge in such a way that ν = 0. From Eq. (6),
we find that G is independent of t and we can write
G = 1 + f(r). In the homogeneous marginally bound
case (representing particles that fall from infinity with
zero initial velocity), f = 0 and therefore G = 1.
In the homogeneous spherically symmetric gravita-
tional collapse of a cloud of dust, one finds that the en-
ergy density is given by
ρ(t) =
ρ0
a3
, (9)
where ρ0 is the energy density at the initial time ti = 0,
and the scale factor is
a(t) =
(
1−
√
3ρ0
2
t
)2/3
. (10)
The model has a strong curvature singularity for a = 0,
which occurs at the time ts = 2/
√
3ρ0, as can be seen
from the divergence of the Kretschmann scalar
RµνρσR
µνρσ = 12
a¨2a2 + a˙4
a4
. (11)
The boundary of the cloud collapses along the curve
R(rb, t) = rba(t) and the whole cloud becomes trapped
inside the event horizon at the time ttr < ts for which
R(rb, ttr) = 2MSch = r
3
bρ0/3, so
ttr = ts − 4MSch
3
. (12)
For p 6= 0, the exterior solution is not Schwarzschild,
but the Vaidya spacetime, because there is a non-
vanishing flux through the boundary rb and F (rb, t) does
depend on time. In the radiation case, one finds
ρ(t) =
ρ0
a4
, (13)
a(t) =
(
1− 2
√
ρ0
3
t
)1/2
, (14)
3where ρ0 is the energy density at the initial time
ti = 0 and the singularity occurs at the time ts =√
3/ρ0/2. Like in the dust model, the final outcome is a
Schwarzschild black hole. For the generic case of a per-
fect fluid with equation of state p = ωρ, the scale factor
is (for ω 6= −1)
a(t) =
(
1− t
ts
) 2
3(ω+1)
, (15)
where ts is the time of the formation of the singularity
ts =
2
(ω + 1)
√
3ρ0
. (16)
The time of the formation of the event horizon is still
given by R(rb, ttr) = F (rb, ttr) and occurs before the time
ts.
III. QUANTUM-GRAVITY INSPIRED BLACK
HOLES
We start from the classical Lagrangian of the renor-
malized theory in [9],
L = −√−g
{ 1
κ2
R −Gµν V
−1(−✷Λ)− 1
κ2✷Λ
Rµν
}
, (17)
where ✷Λ = p
µpµ/Λ
2 and we use the signature
(−,+,+,+). The main properties of our theoretical
framework are discussed in Appendix A, where we show
that the theories studied in this paper are unitary, super-
renormalizable or finite at the quantum level, and there
are no extra degrees of freedom (ghosts or tachyons) in
flat spacetime. We note that we are not considering “lo-
cal higher derivative theories of gravity”, but “weakly
non-local theories of gravity”. Here with non-locality we
mean that we have an operator with an infinite number
of derivatives, while in a local theory the number of these
derivatives would be finite. Weakly because it is only the
whole sum that makes the theory non-local. However,
the non-locality is not enough to have a good theory. We
need that the propagator is the standard one times an en-
tire function without zeros, singularities or poles in the
whole complex plane. In this case, the theory does not
have ghosts by construction, because the residue of the
propagator at the pole is the same as the one of general
relativity. The regularization of the solutions is thus due
to the choice of the form factor and to the absence of
interactions at high energy or, in other words, to asymp-
totic freedom. More details can be found in the last paper
in [6]. The equations of motion for the theory up to terms
quadratic in the curvature are
Gµν +O(R
2
µν) =
κ2
2
V (−✷Λ)Tµν . (18)
The right hand side can be considered as an effective
energy-momentum term, defined by Sµν = V (−✷Λ)Tµν .
Within this approximation, the left hand side is compat-
ible with the Bianchi identity, so the effective energy-
momentum tensor is conserved
∇µSµν = ∇µ [V (−✷Λ)Tµν ] = 0 . (19)
Now we want to solve the field equations for a static
and spherically symmetric source. From the static prop-
erty, the four-velocity is uµ = (u0,~0); that is, only the
timelike component is non-zero, and u0 = (−g00)−1/2.
For simplicity, we consider a point source. The T 00 com-
ponent is given by T 00 = −M δ(r)4πr2 = −Mδ3(~x). Spherical
or Cartesian-like coordinates are adopted to make cal-
culations easier. In the spherically symmetric case, the
metric is assumed to have the Schwarzschild form,
ds2 = −F (r)dt2 + dr
2
F (r)
+ r2dΩ2 (20)
where F (r) is
F (r) = 1− 2m(r)
r
(21)
and m(r) is the mass enclosed within the radius r.
The effective energy-momentum tensor is defined by
Sµν ≡ V (−✷Λ)T µν = diag(−ρe, per, peθ, peθ) . (22)
The S00 component can be rewritten as
ρe(~x) = V (−✷Λ)Mδ(3)(~x)
= M
∫
d3k
(2π)3
V
(
− k
2
Λ2
)
ei
~k·~x
=
M
2π2
∫ ∞
0
k2
sinkr
kr
V
(
− k
2
Λ2
)
dk , (23)
where r = |~x|. This is the representation for effective
energy density, and, once the form factor is specified,
it can be numerically solved to get ρe(r). The radial
integral contains the term sinkrkr . If we expand the sine
function, we have
ρe(r) =
M
2π2
∫ ∞
0
k2V
(
− k
2
Λ2
)
dk +O(r2) . (24)
Independently of the choice of the form factor V (z), the
leading term is a constant, which means that at r = 0 we
will always have a positive effective energy density pro-
portional to the mass M and fully determined by V (z).
As long as the convergence velocity of V (z) is larger than
k−3, we are able to get a finite effective energy density.
In classical general relativity, V (z) = 1 and the result is
not finite.
The covariant conservation and the additional condi-
tion gtt = −g−1rr completely determines Sµν . The Ein-
stein equations give
dm
dr
=
κ2
4
ρer2 , (25)
1
F
dF
dr
=
2[m(r) + κ
2
4 p
e
rr
3]
r[r − 2m(r)] , (26)
dper
dr
= − 1
2F
dF
dr
(ρe + per) +
2
r
(peθ − per) . (27)
4From Eq. (25), we find the mass enclosed in the radius r
m(r) =
κ2
4
∫ r
0
dr′r′2ρe(r′) . (28)
At r = 0, m = 0 and F = 1. For r →∞, m is a constant
and F (r)→ 1. We have thus solutions with two or more
horizons. Moreover, at r = 0 a constant energy density
gives a de Sitter spacetime, independently of the choice of
the form factor. Here the effective cosmological constant
is of order κ2MΛ3 and this, as argued at the end of this
paper, may be the key-ingredient to address our question.
We now consider two specific form factors, proposed
respectively by Krasnikov [7] and by Tomboulis [8]:
V (z) = e−|z|
n
, (29)
V (z) = e−
1
2 [γE+Γ(0,pγ+1(z)
2)+ln pγ+1(z)
2] . (30)
Here pγ+1(z) is a polynomial of order γ + 1. The super-
renormalizability of the theory requires γ ≥ 3 and in
what follows we will only consider the minimal renor-
malizable theory with γ = 3. In the low energy limit,
z ≡ −✷Λ → 0, and to recover general relativity we need
V (z) → 1. So pγ+1(0) = 0. Moreover, we should ex-
pect deviations from general relativity when z 6= 0, so
for any z > 0 we have pγ+1(z) 6= 0. This argument
is in accordance with the restriction for pγ+1(z). We
can therefore consider three cases: pγ+1(z) = z
4, and
pγ+1(z) = z
4 ± 6z3 + 10z2. The latter two cases are
taken as a generalization of the first one.
Fig. (1) shows ρe(r) obtained from the numerical inte-
gration of Eq. (23) with the Krasnikov form factor and
n = 1, 5, 10. The left panel is for M = 10, the right
panel for M = 1. Since ρe(r) ∝ M , if we change M we
change the scale, without altering the shape of ρe(r). For
n ≥ 2, ρe is not monotonic and can assume negative val-
ues. Because of that, it is possible to have more than two
horizons. These plots show also that the effective energy
density ρe approaches a finite value for r → 0. Fig. (2)
shows the corresponding F (r) functions. For M = 10,
we find at least two horizons, while for M = 1 there
is no horizons. For a large n, the oscillations of ρe are
stronger and therefore it is possible to form more than
two horizons. However, this multi-horizon situation only
exists when M ∼ 10 and n is large. For instance, we
found that there are just two horizons when M = 100
and n = 10.
Figs. 3 and 4 are for the Tomboulis form factor. Fig. 3
shows the effective energy density ρe(r): like for the Kras-
nikov form factor, ρe is finite for r = 0 and it has an
oscillatory behavior near ρe = 0, so that it can be nega-
tive at some radii. Fig. 4 shows the function F (r). For
M = 10 we have two horizons, while there is no horizons
when M = 1. The choice of pγ+1(z) mainly affects the
region r < 2M .
IV. NON-LOCAL GRAVITY INSPIRED
COLLAPSE
Now we want to find the quantum-gravity corrected
solution of the gravitational collapse for a homogeneous
and spherically symmetric cloud. The scale factor a(t) is
determined through the propagator approach. We first
write the metric as a flat Minkowski background plus a
fluctuation hµν ,
gµν = ηµν + κhµν ,
ds2 = −dt2 + a(t)2dxidxjδij , (31)
where ηµν = diag(−1, 1, 1, 1). The conformal scale fac-
tor a(t) and the fluctuation hµν(t, ~x) are related by the
following relations:
a2(t) = 1− κh(t) ,
h(t = −t0) = 0 ,
gµν(t = −t0) = ηµν ,
hµν(t, ~x) = −h(t) diag(0, δij) ≡ −h(t) Iµν . (32)
After a gauge transformation, we can rewrite the fluctu-
ation in the usual harmonic gauge
hµν(x)→ h′µν(x) = hµν(x) + ∂µξν + ∂νξµ ,
ξµ(t) =
3κ
2
(∫ t
0
h(t′)dt′, 0, 0, 0
)
. (33)
The fluctuation now reads
h′µν(t, ~x) = h(t) diag(3,−δij) ,
h′µµ (t, ~x) = −6h(t). (34)
We can then switch to the standard gravitational
“barred” field h¯′µν defined by
h¯′µν = h
′
µν −
1
2
ηµν h
′λ
λ = 2h(t) Iµν , (35)
satisfying ∂µh¯′µν = 0. The Fourier transform of h¯
′
µν is
˜¯h′µν(E, ~p) = 2h˜(E)(2π)
3δ3(~p) Iµν . (36)
The classical solution for the homogeneous and spheri-
cally symmetric gravitational collapse is known. We can
thus compute the Fourier transform h˜(E) defined in (36).
For ω 6= −1, we have
h˜(E) =
2πδ(E)
κ
+
2Γ( 43(ω+1) + 1)sin(
π
2
4
3(ω+1) )
κt
4
3(ω+1)
0 |E|
4
3(ω+1)+1
. (37)
In the case of radiation and dust, we have
h˜(E) =
2πδ(E)
κ
+
2
κt0E2
, (radiation) (38)
h˜(E) =
2πδ(E)
κ
+
4Γ(43 )√
3κt
4/3
0 |E|7/3
, (dust) . (39)
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FIG. 2. F as a function of the radial coordinate for the Krasnikov form factor. Left panel: F (r) for M = 10 and n = 1
(solid line), 5 (dotted line), and 10 (dashed line). The three curves cross at least two times the F = 0 axis and therefore every
black hole has at least two horizons. Right panel: as in the left panel for M = 1. These configurations have no horizon has a
consequence of the small mass.
The gauge independent part of the graviton propagator
for the theory (17) and energy-momentum tensor T˜ ρσ(p)
is [9]
O−1µνρσ(p) =
V (p2/Λ2)
p2
(
P (2)µνρσ −
1
2
P (0)µνρσ
)
=⇒ h¯′µν(x) = κ
∫
d4p
(2π)4
O−1µνρσ(p)T˜ ρσ(p) eipx , (40)
where P
(2)
µνρσ and P
(0)
µνρσ are the graviton projectors,
P (2)µνρσ =
1
2
(θµρθνσ + θµσθνρ)− 1
3
θµνθρσ ,
P (0)µνρσ =
1
3
θµνθρσ , (41)
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FIG. 3. Effective energy density as a function of the radial coordinate for the Tomboulis form factor. Left panel: ρe(r) for
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4 (solid line) and z4 + 6z3 + 10z2 (dashed line). Right panel: ρe(r) for M = 10 and pγ+1(z) = z
4
(solid line) and z4 − 6z3 + 10z2 (dashed line).
0 10 20 30 40 50
-8
-6
-4
-2
0
r
FH
rL
0 10 20 30 40 50
0.0
0.2
0.4
0.6
0.8
1.0
r
FH
rL
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4
(solid line), z4 + 6z3 + 10z2 (dotted line), and z4 − 6z3 + 10z2 (dashed line). The three curves cross two times the F = 0 axis
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and θµν = ηµν − kµkν/k2. Therefore
h(t) = κ
∫
d4p
(2π)4
V
(−p2
Λ2
)
h˜(E, ~p) eipx =
= κ
∫
dE
2π
V
(
E2
Λ2
)
h˜(E)e−iEt , (42)
where
h˜(E, ~p) = (2π)3δ3(~p)h˜(E) . (43)
If we know the classical solution a(t), we can find the
distribution h˜(E) that provides the correct solution for
V (−p2/Λ2) = 1. We can then use a different form fac-
tor to find the corresponding quantum-gravity corrected
scale factor a(t). Here we want to find the solutions for
the gravitational collapse of a cloud of dust and radiation
with the form factors of Krasnikov and Tomboulis.
Fig. 5 shows the scale factor a(t) (left panel) and the
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FIG. 5. Scale factor a(t) (left panel) and energy density ρ(t) (right panel) for the gravitational collapse of a homogeneous and
spherically symmetric cloud of radiation in the Krasnikov model. The solid line is for the classical solution and the singularity
occurs at the time t = 0 when a = 0. The dotted line is for the Krasnikov model with n = 2, while the dashed line for the one
with n = 6.
-4 -2 0 2 4 6 8 10
0.0
0.5
1.0
1.5
t
aH
tL
-4 -2 0 2 4 6 8 10
0
1
2
3
4
t
Ρ
Ht
L
FIG. 6. As in Fig. 5 for the dust case.
energy density (right panel) for the Krasnikov form fac-
tor with n = 2 and 6 in the case of a cloud of radiation,
ω = 1/3. The dust case is shown in Fig. 6. Classically,
the scale factor a(t) monotonically decreases and finally
vanishes. The corresponding energy density ρ(t) there-
fore diverges at the time t = 0. In the quantum-gravity
corrected picture, we find a bounce: a(t) reaches a mini-
mum and then start increasing. Far from the bounce, the
classical and the quantum solutions are similar, while the
difference becomes important at high densities.
The calculations with the Tomboulis form factor turn
out to be significantly more complicated. We thus use
the following approximated form factor
V (z) ≈
{
e−
1
2pγ+1(z)
2 ≈ 1− 12pγ+1(z)2 if |pγ+1(z)| ≤ 1
e−
γE
2
1
|pγ+1(z)|
if |pγ+1(z)| > 1
(44)
As shown in Fig. (7), such an approximated form factor
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FIG. 7. Exact (solid line) and approximated (dashed line)
Tomboulis form factor.
is very similar to the exact one, with a tiny deviation
near z = ±1. While such an approximated form fac-
tor has a discontinuity at z = ±1, the Fourier transform
is applicable as the limits at z = ±1 in both directions
are well-defined. Here we have only studied the mini-
mal renormalizable theory with γ = 3 and have chosen
pγ+1(z) = z
4. The part |pγ+1(z)| > 1 is trivial and we
can obtain an analytic result. For the other part of the
integral, we need to use a regularization prescription and
separate the finite and the divergent parts. The detailed
calculation is in Appendix B. Figs. 8 and 9 show, re-
spectively, the radiation and dust case. The qualitative
behavior of the scale factor a(t) and the energy density
ρ(t) is the same as the one of the Krasnikov model.
V. SUMMARY AND CONCLUSIONS
In the present paper, we have studied both the static
black hole solution and the homogeneous spherically
symmetric collapse of a cloud of matter in a super-
renormalizable and asymptotically free theory of gravity.
The spacetime singularity predicted in classical general
relativity is removed in both the cases. In the literature
there were so far some scattered results in different the-
oretical frameworks. Here we have studied this issue in
more details within the Krasnikov and Tomboulis mod-
els.
Static and spherically symmetric singularity free black
hole solutions have been obtained. At the origin, the ef-
fective energy density is always finite and positive, inde-
pendently of the exact expression of the form factor V (z).
In other words, these black holes have a de Sitter core in
their interior, where the effective cosmological constant is
of order κ2MΛ, κ2 = 32πGN, M is the black hole mass,
and Λ is the energy scale of the theory which is naturally
to expect to be close to the Planck mass. The singularity
of the spacetime is therefore avoided due to the repulsive
behavior of the gravitational force. For a large family of
form factors, the effective energy density can be negative
in some regions, which eventually provides the possibility
of having multi-horizon black holes. In the homogeneous
and spherically symmetric collapse of a cloud of matter,
the formation of the singularity is always replaced by a
bounce. Far from the bounce, the collapse follows the
classical solution, while it departs from it at high densi-
ties. Strictly speaking, asymptotic freedom is sufficient
to remove the singularity, but the presence of a bounce
requires also a repulsive character for gravitational field
in the high energy regime.
In conclusion, we have provided some convincing ex-
amples that show how the final products of the quantum-
gravity corrected collapse solutions are not the quantum-
gravity corrected Schwarzschild black hole metrics. This
is not the result that one would expect a priori. There
may be 3 natural explanations.
1. Static regular black holes cannot be created in any
physical process. In this case, even if they are solu-
tion of a theory, they are much less interesting than
their classical counterparts that can be created in
a collapse.
2. The final product of the gravitational collapse is not
unique. The collapse of a homogeneous and spheri-
cally symmetric cloud of matter does not produce a
static regular black hole, but the collapsing matter
bounces and then expands. With different initial
conditions, not known at the moment, static regu-
lar black holes may form.
3. The simple example of a homogeneous cloud of
matter oversimplifies the picture and misses impor-
tant physics. As discussed in Section II, in the clas-
sical dust case we have a homogeneous interior and
a Schwarzschild exterior without ingoing or outgo-
ing flux through any spherical shell of comoving
radial coordinate r. However, that is not true in
general, and the exterior spacetime is a generalized
Vaidya solutions with ingoing or outgoing flux of
energy. This means that the homogeneous solution
is not stable and must evolve to an inhomogeneous
model. While the bounce can still occur, after it
the collapsing matter may not expand forever. The
boundary effects are important and, after proper
readjustment that can unlikely be described with-
out a numerical strategy, the collapse approaches
the static black hole solution.
The possibility 1 excludes the possibilities 2 and 3, but
the latter may also coexist. Here we have focused on the
asymptotically free gravity theory with the Lagrangian
given in Eq. (17), and we have shown that the issue in-
deed exists. The theoretical model is not sick, and there-
fore we cannot attribute the problem to the fact that we
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FIG. 8. Scale factor a(t) (left panel) and energy density ρ(t) (right panel) for the gravitational collapse of a homogeneous and
spherically symmetric cloud of radiation in the Tomboulis model. The solid line is for the classical solution and the singularity
occurs at the time t = 0 when a = 0. The dotted line is for the Tomboulis model with pγ+1(z) = z
4.
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FIG. 9. As in Fig. 8 for the dust case.
are considering a non-consistent quantum theory. How-
ever, it is easy to compute the propagator for this class of
theories around de Sitter spacetime background and to
show the presence of a ghost when the cosmological con-
stant exceeds the square of the Planck mass (in prepa-
ration). This fact may explain the fact that our static
black holes are not the final product of the gravitational
collapse. These black holes have indeed a de Sitter core
in which the effective cosmological constant is κ2MΛ. If
the black hole mass M exceeds the Planck mass, there
is a ghost and the black hole is unstable. Therefore the
solutions here presented cannot be the final product, but
only an intermediate phase of the gravitational collapse.
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Appendix A: Theoretical framework
For the theories studied in this paper, the classical action is
S =
∫
d4x
2
√
|g|
κ2
[
R−Gµν V (−✷/Λ
2)−1 − 1
✷
Rµν
]
, (A1)
where Gµν is the Einstein tensor and κ
2 = 32πGN. All the non-polynomiality is in the form factor V (−✷/Λ2), which
must be an entire function. Λ is the Lorentz invariant energy scale and it is not subject to infinite or finite (non
analytic) renormalizations. The natural value of Λ is of order the Planck mass and in this case all the observational
constraints are satisfied. Indeed, at classical level all the corrections to the Einstein-Hilbert action are suppressed
by 1/Λ, and if the value of Λ is large the theory can reduce to general relativity at low energies. At quantum level,
the introduction of non-local operators in the action could potentially lead to strong non-localities generated by the
renormalization group flow towards the infrared, in disagreement with observations. This is not the case here, as a
consequence of the Donoghue argument [10] and of the fact that our action only involves entire functions.
The entire function V (−✷/Λ2) must have no poles in the whole complex plane, in order to ensure unitarity,
and must exhibit at least logarithmic behavior in the ultraviolet regime, to give super-renormalizablitity at the
quantum level. The theory is uniquely specified once the form factor is fixed, because the latter does not receive
any renormalization: the ultraviolet theory is dominated by the bare action (that is, counterterms are negligible). In
this class of theories, we only have the graviton pole. Since V (z) is an entire function, there are no ghosts and no
tachyons, independently of the number of time derivatives present in the action. This is the main reason to introduce
a non-polynomial Lagrangian. At the phenomenological level the form factor could be experimentally constrained,
for example measuring the corrections to the gravitational potential, or hypothetically measuring a cross section in
a scattering process at high energy. Concerning the difficulties with particular form factors and non-local operators,
we note that the class of operators introduced by Krasnikov and by Tomboulis are well defined in the Euclidean as
well as in the Lorentzian case, because (k2E)
2 = (k2)2, where kE is the momentum in the Euclidean space [7].
More details on the ultraviolet and infrared properties of this class of theories can be found in the last paper in [6].
We note that here it is possible to anti-screen gravity in the UV without introducing extra degrees of freedom because
the theory is characterized by an entire function that goes to zero in the UV. We present below two different ways to
see this.
Tree-level unitarity — The general and clear way to address the unitarity problem in Lagrangian formalism can
be summarized as follows (for more details, see [11]): 1) we calculate the propagator expanding the action to the
second order in the graviton fluctuation, 2) we calculate the amplitude with general external energy tensor sources,
and 3) we evaluate the residue at the poles. A general theory is well defined if “tachyons” and “ghosts” are absent,
in which case the corresponding propagator has only first poles at k2 −M2 = 0 with real masses (no tachyons) and
with positive residues (no ghosts). In our class of theories, we only have one pole in k2 = 0 with positive residue.
When we introduce a general source, the linearized action including the gauge-fixing reads
LhT = 1
2
hµνOµνρσhρσ − g hµνT µν , (A2)
where
O−1µνρσ(p) =
V (p2/Λ2)
p2
(
P (2)µνρσ −
1
2
P (0)µνρσ
)
, (A3)
P
(2)
µνρσ and P
(0)
µνρσ are the graviton projectors
P (2)µνρσ =
1
2
(θµρθνσ + θµσθνρ)− 1
3
θµνθρσ , P
(0)
µνρσ =
1
3
θµνθρσ , (A4)
and θµν = ηµν − kµkν/k2. The transition amplitude in momentum space is
A = g2 T µν O−1µνρσ T µν , (A5)
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where g is an effective coupling constant. To make the analysis more explicit, we can expand the sources using the
following set of independent vectors in the momentum space
kµ = (k0, ~k) , k˜µ = (k0,−~k) , ǫµi = (0,~ǫ) , i = 1, . . . , D − 2 , (A6)
where ~ǫi are unit vectors orthogonal to each other and to ~k. The symmetric stress-energy tensor reads
T µν = akµkν + bk˜µk˜ν + cijǫ
(µ
i ǫ
ν)
j + d k
(µk˜ν) + eik(µǫ
ν)
i + f
ik˜(µǫ
ν)
i . (A7)
The conditions kµT
µν = 0 and kµkνT
µν = 0 place constrains on the coefficients a, b, d, ei, f i. Introducing the spin-
projectors and the conservation of the stress-energy tensor kµT
µν = 0 in (A5), the amplitude results
A = g2
{
TµνT
µν − T
2
D − 2
}
e−H(k
2/Λ2)
k2
, (A8)
where T = T µµ . Clearly, there is only the graviton pole in k
2 = 0 and the residue at k2 = 0 is
Res (A)
∣∣
k2=0
= g2
[
(cij)2 − (c
ii)2
D − 2
] ∣∣∣
k2=0
. (A9)
For D > 3, we find that Res (A)
∣∣
k2=0
> 0 (because H(0) = 0), which means that the theory is unitary. Instead, for
D = 3 the graviton is not a dynamical degree of freedom and the amplitude is zero.
As an example of this quantum transition, we can consider the interaction of two static point particles. Here
T µν = diag(ρ, 0, 0, 0) with ρ = M δ(~x) and the amplitude (A8) simplifies to
A = g2M2
(
D − 3
D − 2
)
e−H(k
2/Λ2)
k2
, (A10)
which is positive in D > 3 and zero for D = 3 since, again, there are no local degrees of freedom in D = 3.
Ka¨lle´n-Lehmann (KL) representation — Any action in the class of theories here presented is defined in terms of
an entire function with no zeros, singularities, nether poles. Therefore the usual derivation of the KL decomposition
goes straightforward. Let us construct step by step such representation for a weakly nonlocal prototype theory. It is
easy to show that, ∫
d3~p
(2π)32E~p
=
∫
d4p
(2π)4
δ(p2 −m2λ)θ(p0)e−H(p
2−m2λ) . (A11)
Therefore a complete set of states satisfy,
1 = |0〉〈0|+
∑
λ
∫
d3~p
(2π)32E~p
|λ~p〉〈λ~p| (A12)
where we defined the state λ~p by boosting of an arbitrary boost ~p a momentum zero state λ0 and we summed over
all ~p. Assuming that 〈0|φ(x)|0〉 = 0 and Lorentz invariance of φ(0),
〈0|φ(x)|λ~p〉 = e−ipx〈0|φ(0)|λ~p〉 = e−ipx〈0|φ(0)|λ0〉
∣∣∣
p0=E~p
. (A13)
We thus get for x0 > y0:
〈0|φ(x)φ(y)|0〉
∣∣∣
x0>y0
=
∑
λ
∫
d3~p
(2π)32E~p
e−ip(x−y)
∣∣∣
p0=E~p
|〈0|φ(0)|λ0〉|2
=
∑
λ
∫
CF
d4p
(2π)4
i
(p2 −m2λ) eH(p
2−m2
λ
)
e−ip(x−y) |〈0|φ(0)|λ0〉|2
=
∑
λ
e−H(−✷−m
2
λ)
∫
CF
d4p
(2π)4
i
(p2 −m2λ)
e−ip(x−y) |〈0|φ(0)|λ0〉|2
→
∑
λ
e−H(−✷−m
2
λ)
∫
R
d4p
(2π)4
i
(p2 −m2λ + iǫ)
e−ip(x−y) |〈0|φ(0)|λ0〉|2
=
∑
λ
∫
R
d4p
(2π)4
i e−H(p
2−m2λ)
(p2 −m2λ + iǫ)
e−ip(x−y) |〈0|φ(0)|λ0〉|2, (A14)
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where the contour CF is closed in the lower half p0-plane, while the integral along the real axes is evaluated displacing
the poles for Re(p0) > 0 in the lower half plane and for Re(p0) < 0 in the upper half plane (in our gravitational theory
mλ = 0). Analog relation is obtained for x0 < y0, therefore:
〈0|T(φ(x)φ(y))|0〉 =
∑
λ
∫
R
d4p
(2π)4
i e−H(p
2−m2λ)
(p2 −m2λ + iǫ)
e−ip(x−y) |〈0|φ(0)|λ0〉|2 . (A15)
The matrix element is Lorentz invariant and only depends on the mass of the state mλ, therefore we can write (A15)
making use of the definite positive spectral density function ρ(s) defined by,
ρ(s) =
∑
λ
δ(s−m2λ) |〈0|φ(0)|λ0〉|2 , (A16)
as follows
〈0|T(φ(x)φ(y))|0〉 =
∫ +∞
0
ds∆F (x − y; s)ρ(s), (A17)
where we defined the function
∆F (x− y;m2λ) =
∫
R
d4p
(2π)4
i e−H(p
2−m2λ)
(p2 −m2λ + iǫ)
e−ip(x−y) , (A18)
in analogy with the Feynman propagator. The spectral representation sees all the poles, but in this case they are the
same as in general relativity, because we have introduced a function with no poles or zeros. In the case of a local
theory with a finite number of derivatives, this is impossible and the theory is sick.
We expect a single particle state to contribute to ρ(s) as an isolated delta
〈0|T(φ(x)φ(y))|0〉 =
∫ +∞
0
ds
∫
R
d4p
(2π)4
i e−H(p
2−m2λ)
(p2 −m2λ + iǫ)
e−ip(x−y) δ(s−m2λ)Z (Z > 0) . (A19)
Appendix B: Integrals with the Tomboulis form factor
We use the approximated form factor in Eq. (44). Let us first consider the radiation case. For |pγ+1(z)| ≥ 1, the
integral is trivial. When |pγ+1(z)| ≤ 1, we have∫ 1
−1
dE
2π
(
1− pγ+1(z)
2
2
) 2
t0E2
eiEt . (B1)
The second term with pγ+1(z)
2 is trivial, in the sense that it has an analytic result. We thus want to find the solution
of the first term which, apart a constant coefficient, has the form
I ≡
∫ 1
−1
dE
eiEt
En
, (B2)
where n is an even integer, so that the integral gives a real result and is an even function of t. In the case of radiation,
n = 2.
This integral can be calculated with the residue theorem. We introduce a small number µ, so that the pole of order
n at E = 0 is reduced to n simple poles. To include all the poles, we can consider contour integrals of both the upper
and the lower circles. Writing E = ρeiθ, dE = iEdθ, and we have
I +
∫ θ=π
θ=0
ρ=1
dE
eiEt
En
≡ I + I1 = 2πi
∑
µiin upper
unit circle
Res
( eiEt
En + µn
)
+ πi
∑
µion
real axis
Res
( eiEt
En + µn
)
(B3)
and
I +
∫ θ=−π
θ=0
ρ=1
dE
eiEt
En
≡ I + I2 = 2πi
∑
µiin the lower
unit circle
Res
( eiEt
En + µn
)
− πi
∑
µion the
real axis
Res
( eiEt
En + µn
)
. (B4)
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The combination of the two equations gives the result of I
I = −1
2
(I1 + I2) +D , (B5)
where
I1 + I2 =
∫ π
θ=0
dθ
{
e−t sin θ sin[(n− 1)θ − t cos θ] + et sin θ sin[(n− 1)θ + t cos θ]
}
, (B6)
and the divergence D of order µn−1 is given by
D = πi(
∑
µiin the upper
unit circle
−
∑
µiin the lower
unit circle
)Res
( eiEt
En + µn
)
. (B7)
For radiation, n = 2 and we have
I = −1
2
∫ π
θ=0
dθ
{
e−t sin θ sin[θ − t cos θ] + et sin θ sin[θ + t cos θ]
}
+
π
µ
, (B8)
where the divergent part is D = πµ for µ→ 0.
The dust case is slightly different and it is more convenient to choose the exponential form for approximation of
V (z), so the integral is
I ≡
∫ 1
−1
dE
1
|E|α e
−E
16
2 eiEt = 2 Re
∫ 1
0
dE
1
Eα
e−
E16
2 eiEt , (B9)
where α > 0 is not an integer. With the transform for the integration variable E = ρeiθ, dE = iEdθ, and applying
the contour integral we have
I1 + I2 + IR + Ir ≡
( ∫ ρ=1
ρ=0
θ=0
+
∫ ρ=0
ρ=1
θ=2π
+
∫ θ=2π
θ=0
ρ=1
+
∫ θ=0
θ=2π
ρ→0
)
dE
1
Eα
e−
E16
2 eiEt = 0 . (B10)
The first two terms I1 + I2 can be simplified as
I1 + I2 = 2
∫ 1
0
dρ
1
ρα
e−
1
2ρ
16
eiρte−iπα(i sinαπ) . (B11)
The integration of the unit circle gives the finite part of the required integral, and the integration around the origin
gives the divergent part of order α− 1,
IR = i
∫ 2π
0
dθ e−
1
2 cos 16θ−t sin θei[−
1
2 sin 16θ+t cos θ+(1−α)θ] , (B12)
Ir = i
∫ 0
2π
dθ
1
µα−1
e−
µ16
2 cos 16θ−µt sin θei[−
µ16
2 sin 16θ+µt cos θ+(1−α)θ] ≃ i
∫ 0
2π
dθ
ei(1−α)θ
µα−1
. (B13)
Finally, we can get the result
I = − 1
sinαπ
∫ 2π
0
dθe−(
1
2 cos 16θ+t sin θ) cos[−1
2
cos 16θ+ t cos θ + (1− α)θ + απ] + 2
(α− 1)µα−1 . (B14)
For dust case, we have α = 7/3 and the divergence is of order 4/3.
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